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RESONANCE PROBLEMS WITH RESPECT TO
THE FUCIK SPECTRUM

MARTIN SCHECHTER

ABSTRACT. We study semilinear boundary value problems which have asymp-
totic resonance with respect to the linear part. The difficulties for Fué¢ik reso-
nance problems are compounded by the fact that there is no eigenspace with
which to work. The present paper uses new linking theorems which can deal
with the sets required to obtain critical points.

1. INTRODUCTION

Let © be a bounded domain in R™, and let A > Ay > 0 be a selfadjoint operator

or L?() with compact resolvent and eigenvalues 0 < A\g < Ay < -+ < A\ < -+~ . If
f(x,t) is a Carathéodory function on Q x R, then the semilinear problem

(1.1) Au= f(z,u), we D(A)

is said to have asymptotic resonance at infinity if

(1.2) flz,t)/t = g as |t| — oo,

where Ay is one of the eigenvalues of A. Interest in resolvent problems began with
the pioneering work of Landesman and Lazer [LL] and has continued until the
present because they are more difficult to solve than nonresonant problems. The
reason is that for |u(x)| large, equation (1.1) approximates the eigenvalue problem

(1.3) Au = Agu
with its inherent instabilities. Even if (1.2) does not occur, but
(1.4) flz,t)/t — aast— —0

— bast— +4oo;
one encounters the same difficulties if
(1.5) Au=bu" —au~, u* =max{4u,0}

has a nontrivial solution. In fact, the difficulties are compounded because there is
no eigenspace that one can deal with in this case. These difficulties were recognized
by Dancer [D] and Fuéik [F] who studied the Dirichlet problem for second order
ordinary differential equations. The Fuéik spectrum 3 of A is defined to be the set
of those points (a,b) € R? such that (1.5) has a nontrivial solution. For the case
he considered, Fucik showed that > consists of curves emanating from the points
(Mk, Ar) in the plane with one or two curves coming from each of these points.
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In particular, 3 has no interior points and exhibits the same instabilities as the
eigenvalues. Most of the work to date concerning the situation in which the limits
(1.4) exist stipulates that the point (a,b) not be in the Fuéik spectrum. The only
exception of which the author is aware is the work of Costa-Cuesta [CC| in which
(a,b) is on a curve of ¥ passing through the eigenvalue (A1, A1) for the Dirichlet
problem for a second order partial differential equation. For the periodic problem
in one-dimensions, they allow (a,b) to be on any of the curves of X.

For the Dirichlet problem involving the Laplacian, several authors have shown
that curves in ¥ exist locally in the neighborhood of the points (Mg, A\x) (cf., e.g.,
[El, [C], [CdG], DI, |[GK], [L], [LM], [M], [R]). In [ST] we showed that in the square
Qe = {(a,b) € R? : \y_1 < a,b < A\g41} there are two curves Cy 1, Cpo (possibly
coinciding) in 3 which are decreasing and pass through the point (Ag, A¢). All points
in the square except those on the curves and possibly those between the curves are
not in X. If C¢ 1 denotes the “lower” curve, all points in @, below C¢ 1 are free of
3. Similarly, if C¢ 2 denotes the “upper” curve, all points in @, above Cy 2 are not
in . Concerning the points between the curves, it is not known in general what
their status is. However, it was shown in [GK] that they are not in ¥ if Ay is a
simple eigenvalue. C. and W. Margulies have constructed examples in which there
are numerous curves in ¥ emanating from the point (s, A¢). Of course, such curves
must lie between Cy ;1 and Cys.

In the present paper we shall study resonance problems with respect to the Fucik
spectrum. We shall allow (a, b) to be on either of the curves Cy ; in Q¢. We do not
consider the case when (a,b) is a point between the curves (when there are points
in ¥ in that region). We have

Theorem 1.1. Let f(x,t) be a Carathéodory function such that

(1.6) If(z, )| <C(t| +1), 2€Q,teR,
and (1.4) holds with (a,b) € Cy1. Assume that

(1.7) Ne_1t? <2F(x,t) + Wi(z), 2€Q, teR,
and

(1.8) H(z,t) <Wy(z), =€, teR,
where

(1.9) Flat) = /Ot (o, 5)ds

and

(1.10) H(x,t) :=2F(x,t) — tf(x,1).
Assume further that

(1.11) H(z,t) = Hy(z) a.e. ast — too,
and

(1.12) />0 H,(z)dx + /<0 H_(z)dx + Wo(xz)dr < —Bq = —/QWl(a:)da:

u=0

whenever u s a nontrivial solution of (1.5). Then (1.1) has a solution.
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Theorem 1.2. If (1.6) and (1.4) hold with (a,b) € Cy 2, assume that

(1.13) 2F (2,t) < Appit? + Wi(z), z€Q, t€R,

(1.14) H(z,t) > —Wy(z), z€Q,teR

and

(1.15) / H, (x)dx —l—/ H_(z)dx — / Wo(z)dz > By
u>0 u<0 u=0

for all nontrivial solutions u of (1.5). Then (1.1) has a solution.
Note that (1.12) is automatically satisfied if

(1.16) H(z,t) — —o0 a.e. as [t| — oo,

and (1.15) is automatically satisfied if

(1.17) H(z,t) — 400 a.e. as [t| — oo.

The proofs of Theorems 1.1 and 1.2 are given in Section 4 after preliminary work
in Sections 2 and 3.

2. LINKING

In [ST], K. Tintarev and the author introduced a new concept of linking which
allowed more extensive and far reaching mountain pass and saddle point theorems.
We now present a refined version here. Let E be a Banach space and let ® be the
set of all continuous maps I' = I'(¢) from E x [0, 1] to E such that
1. T'(0) = I, the identity on E.
2. For each t € [0,1),I'(¢) is a homeomorphism of E onto E and I'"(t) €
C(E x[0,1), E).

3. T'(1)E is a single point of E and I'(t) A converges uniformly to I'(1)E as t — 1
for each bounded set A C E.

4. For each ty € [0,1) and each bounded set A C F

(2.1) sup {[|IT(#)ull + [T~ (#)ul|} < oo.
0<t<tq
u€A

Definition. For A, B C E we say that A links B if

a) ANB = ¢

b) for each I' € ® there is a ¢ € (0, 1] such that
(2.2) T(t)AN B # ¢.
We have

Proposition 2.1. If A, B C E are closed and bounded, E\ A is pathwise connected
and A links B, then B links A.

Proposition 2.2. If F € C(E,R") and Q C E is such that Fy = Flg is a
homeomorphism of @ onto the closure of a bounded open subset ) of R™, then
0Q = F; 1 (00) links F~(p) for each p € Q.
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Theorem 2.3. Let G be a C* functional on E, and let A, B be subsets of E such
that A is bounded and links B. Assume

(2.3) ap :=supG < by :=inf G
A B
(2.4) a:= 111611; osglbl-lg)1 G (s)u) < 0.
ucA

Let ¥(t) be a positive nonincreasing function on (0,00) such that

(2.5) / Y(r)dr = 0.
1
Then there is a sequence {ur} C E such that
(2.6) G(ur) = a,  G'(ur)/t(|lukll) = 0.

Corollary 2.4. Under the hypotheses of Theorem 2.3 there is a sequence {uy} C E
such that

(2.7) Glur) = a,  (1+ [url)G'(wr) — 0.

Proposition 2.5. Let H be a homeomorphism of E onto itself such that H and
H~1' map bounded sets into bounded sets. If A,B C E and A links B, then HA
links HB.

Proposition 2.6. Let M, N be closed subspaces of E such that

(2.8) dim N < oo
and
(2.9) E=M&N.

Let wy # 0 be an element of M, and take

(2.10) A={ve N ||| <R}U{swo+v:s>0,v€N,]|swy+v| =R}

and

(2.11) B=MnNOoB;

with 0 < 6 < R, where B = {u € E : ||u|| < R}. Then A and B link each other.
Proposition 2.7. If (2.8) and (2.9) hold, then M NOBg links N for each R > 0.

Proofs of the statements of this section can be found in [S2].

3. THE CURVES

In this section we shall describe the curves Cp 1 and Cy 2 and discuss some of
their properties. For each fixed positive integer ¢ we let Ny denote the subspace

of E spanned by the eigenfunctions corresponding to Ag,-- -, A¢, and we let M, =
NZJ- ND. Then D = M; & N,. For a,b € R we define

(3.1) I(u,a,b) = (Au,u) —afu”|* = bllu*|?, weD,

(3.2) My(a,b) = inf sup I(v+w,a,b),

we]\/I[
vEN,
flwl=1 ¢

(3.3) me(a,b) = sup inf I(v+w,a,b),
veN, WEM,
lloll=1
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(3.4) ve(a) = sup{b : My(a,b) > 0},
(3.5) pe(a) = inf{b: me(a,b) <0}.
We have

Lemma 3.1 ([S1]). In the square Q; the functions pe(a), ve—1(a) have the following
properties:

a) pe(Ae) = ve—1(Ae) = Ar,

b) pe(a),ve—1(a) are continuous and strictly decreasing,
c) (a,pe(a)) and (a,ve—1(a)) are in X.

d) If (a,b) € Q¢ and b > py(a), then (a,b) ¢ X.

e) If (a,b) € Q¢ and b < vy_1(a), then (a,b) ¢ X.

It follows from Lemma 3.1 that v,_i(a) < pe(a) in Q. If vp_1(a) < pe(a), this
lemma does not cover those points in @y for which

ve—1(a) <b < pe(a).

We let Cy1 be the lower curve b = vy_1(a) and we take Cy 2 to be the upper curve
b = pe(a). We shall need

Lemma 3.2 ([S1). If (a,b) € Q¢,w € My_1,v1,v2 € Ny—1 and
(3.6) I'(w+wvj,a,b) L Np—y, j=1,2,

then v1 = vs.

Lemma 3.3 ([S1]). If (a,b) € Q¢, v € Ny, wy,wa € My and
(3.7) I'(v+wj,a,b) L My, j=1,2,

then wi = ws.

Lemma 3.4 ([S1]). If (a,b) € Qq, then for each w € My there is a vg € Ny
such that

(3.8) I(w+wvp,a,b) = sup I(w+wv,a,b).
vENy_1

Lemma 3.5 ([S1]). If (a,b) € Q¢, then for each v € Ny there is a wo € My such
that

(3.9) I(v+wp,a,b) = inf I(v+ w,a,bd).

weMy,

Lemma 3.6. If (a,b) € Cy 1, then

(3.10) I(u,a,b) >0, ue S,

where

(3.11) Sei={u€eFE:I'(uab) L Ny_1}.
Proof. If (a,b) € C¢1, then b = vy_1(a). Thus by (3.4)
(3.12) My_1(a,b) = 0.

This implies, by (3.2), that

(3.13) sup I(v+w,a,b) >0, we M.

VEN,_1
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Let ug be any element in Sp ;. Then ug = wo + v, wo € My—1, vo € Ne—;1 and
(3.14) I/(’wo —|—v0,a,b) 1 Ny4
by (3.11). In view of Lemma 3.4 there is a v; € Ny_; such that

(3.15) I(wo +v1,a,b) = sup I(wy+v,a,b).
vEN,_1

From this and (3.13) it follows that

(3.16) I’(’wo +vl,a,b) 1 Ny_4
and
(3.17) I(wo +v1,0a,b) > 0.

But (3.14) and (3.16) imply via Lemma 3.2 that vy = vg. Thus I(ug, a,b) > 0, and
the lemma is proved.

Lemma 3.7. If (a,b) € Cy2, then

(3.18) I(u,a,b) <0, ué€ S,

where

(3.19) Sio={u€E:I'(uab) L M}

Proof. If (a,b) € Cy¢ 2, then b = py(a). Consequently, by (3.5)

(3.20) mye(a,b) = 0.

By (3.3) this implies

(3.21) inf I(v+w,a,b) <0, ve&N,.
weM,

Let up be any element in Sy 2, and write ug = vy + wo with vg € Ny, wo € M.
Then

(3.22) I'(vo + wo, a,b) L M.

By Lemma 3.5 there is a w; € M, such that

(3.23) I(vo + w1, a,b) = wien]&l I(vo + w,a,b).
Consequently,

(3.24) I'(vo +w1,a,b) L My

and

(3.25) I(vg + w1, a,b) <0.

If we now apply Lemma 3.3 we see that w; = wg. Thus I(ug,a,b) < 0, and the
proof is complete.

Lemma 3.8. N,_1 N0JBg links Sp1 for each R > 0.

Proof. We suppress the subscript £ — 1. Let P be the orthogonal projection of D
onto N, and define

(3.26) F(u)=PI'(u), uweD.

I claim that the restriction Fy of F' to IV is a homeomorphism of N onto N. If this
is so, then the image of N N Br under Fy is the closure of a bounded open set.
Moreover, this open set contains the point 0 since Fy(0) = 0, and 0 is an interior



RESONANCE PROBLEMS WITH RESPECT TO THE FUCIK SPECTRUM 4201

point of N N Br. Proposition 2.2 can then be used to show that N N dBg links
F~10) = S;.1. Clearly, Fy is a continuous map of N into itself. It is surjective. To
see this let i be any element of N and take

(3.27) Go(v) = I(v,a,b) — (h,v).
We note that
(3.28) Go(v) = —o0 as ||v]| — oo.

Assuming this for the moment, we see that Go(v) has a maximum on N. At the
point of maximum we have G{(v) L N producing a solution of

(3.29) PI'(v,a,b) = h.
Moreover, if
PI'(vo,a,b) = ho, PI'(v1,a,b) = hy,

then

(h,v) = (Av,u) + a(vy —vy,v) —b(v] — v, v),
where h = h1 — hg,v = v1 — vg. Thus
(b= A1) (v — v ) = (a = A1) (T — v+ v)

T P llol? = (Av, )] = ~(h,v).

Since a,b > A;—1, the left hand side of (3.30) is positive for all v # 0. Consequently,
there is a § > 0 such that

(3.31) gllvll* < (IR lvll,

(3.30)

showing not only that Fj is injective but that FO_1 is continuous. To prove (3.27),
let {vx} C N be a sequence such that pi = (Avg,vi) — oo, and let 0 = vi/pi.
Then ||3|% = (ADk,9x) = 1, and there is a subsequence such that o5 — o in D.
We have

(3.32)
Go(vk)/pi = 1(0x, a,b) — (h,0x)/pr — 1(¥,a,b)
= (15115 = Ae—all01P] + Aemr — a) |57 (12 + Aoy = B) [T ||

Since ||9||p = 1, the right hand side of (3.32) is negative. This gives (3.27) and
completes the proof of the lemma.

4. EXISTENCE

In this section we give the proofs of Theorems 1.1 and 1.2. Let

(4.1) p(x,t) = flz,t) +at™ —btT, £ = max{+t,0}
and
(4.2) P(x,t) = /0 p(z, s)ds.

Under hypothesis (1.6) it is readily checked that the functional

(4.3) Glu) = [[ull? — Z/QF(ac,u)dx ~ I(u,a,b) — Z/QP(x,u)da:
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isin C! on D with

(44) (G/(u)v 1)) = 2(“; U)D - 2(f(u)7 1)) = (I/(uv a, b)v 1)) - 2(p(u)a ’U)
and

(4.5) (I'(u,a,b),v)/2 = (u,v)p +a(u™,v) — b(ut,v),

and we write f(u),p(u) in place of f(z,u),p(x,u), respectively. From (1.4) and
(4.1) we see that

(4.6) p(x,t)/t =0, 2P(z,t)/t* — 0 as |t| — .
This and the fact that

(4.7) O(F/t?) /ot = O(P/t?) ot = —t 3 H
imply that

(o]
P(x,t) = t2/ s 3H(x,s)ds, t>0,
t

(4.8) -
= —t2/ s 3H(x,s)ds, t<O0.

—0o0

Proof of Theorem 1.1. By (1.8) and (4.8) we have
(4.9) 2P(z,t) < Wy(z), z€f, teR.

In view of Lemma 3.6 this implies

(4.10) G(u) > —2/ P(z,u)dx > —By = —/ Wo(z)dx, w € Spi.
Q Q

I claim that

(4.11) G(v) — —ooas ||v|| = 00, veE Np_;.

Assume this for the moment. Then there is an R > 0 sufficiently large that (2.3)
holds with A = Ny—_; N 9BRr and B = Sp,;. Moreover, for this choice of A and B,
A links B by Lemma 3.8. We can now apply Theorem 2.3 to conclude that there
is a sequence {ux} C D such that

(4.12) G(ug) — ¢, (14 |Jugllp)G (ur) — 0,
and from (4.3) we readily estimate ¢ by

(4.13) —By <c< B.

From (4.12) we find

(4.14) I(ug,a,b) — 2 /Q P(z,ug)dx — ¢,
(4.15) I(ug,a,b) — (p(ug),ur) — 0,
(4.16) (I' (ug, a,b),v) — 2(p(ug),v) - 0, veD.

Assume that

(4.17) pr = |lugllp — oo,
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and let @y = ur/pr. Then ||ak||p = 1. Thus there is a renamed subsequence such
that 1y — @ weakly in D, strongly in L?(2) and a.e. in 2. As a consequence, (4.6)
and (4.15) imply

(4.18) L=ala | +b]at|?>
This shows that @ #Z 0. Moreover, (4.16) implies
(4.19) I'(ii,a,b) = 0.
Thus @ is a solution of (1.5) and satisfies

(4.20) (i, a,b) = 0.

If we combine this with (4.18), we see that ||G||p = 1. Consequently, @ — @
strongly in D. Combining (4.14) and (4.15) we obtain

(4.21) /QH(x,uk)da: — —c.

Let Q1 = {z € Q: xa(z) > 0}, Qo = {z € Q: u(x) = 0}. Then uk(x) — +oo for
x € Qu. By (1.8) and (1.12)

—c= lim/ H(z,ug)dr < H, (z)dx —l—/ H_(z)dz + Wo(x)dx < —B;
Q Q.

Q+ Q0

contradicting (4.13). Thus (4.17) does not hold. Once we know that the sequence
{ur} is bounded in D, we can use standard techniques to obtain a solution of

(4.22) Gu)=c¢, —By<c<Bi, G(u)=0,

which is a solution of (1.1).

It thus remains to prove (4.11). Let {vx} C Ny—1 be a sequence such that
ok = ||vkllp — oo. Let O, = vi/pr. Then ||Ux||p = 1, and there is a renamed
subsequence such that 9, — ¥ in D and a.e. in €. Since

|F(z,t)] < O +t])
by (1.6), we have
|F(w, i)/ pk] < C(0F + [0kl / o),
and consequently,
2 [ Fa,odofot = allo™| + 5%
Q

by (1.4). This means that

Glon)/ih = ww%—zéF@mwmmi
~ 33— all I — bl
< Ot —@)lli |+ (et — D)5

Since both a and b are greater than A\,_1, this will always be negative since v Z 0.
Thus (4.11) holds, and the proof of Theorem 1.1 is complete.
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Proof of Theorem 1.2. By (1.14) and (4.8) we have

(4.23) —2P(z,t) < Wy(z), z€Q,teR.

Consequently,

(4.24) G(u) < —2/ P(z,u)dz < By, u€ Ses.
Q

Moreover, I claim that

(4.25) G(w) — o0 as [|w|| — oo, w € M,.

Assuming this, we note that there is an R > 0 sufficiently large such that
(4.26) stép G< igf G

where A = MNOBgr and B = Sy 2. This is not quite (2.3). To correct the situation,
we let G; = —G. Then (4.26) becomes

(4.27) sup Gy < inf Gy.
A B

We know from Proposition 2.7 that A links B. Consequently, we may apply Theo-
rem 2.3 to conclude that there is a sequence {ur} C D such that (4.12) holds with
G replaced by G1. Now c satisfies the estimates
infGy <e< sup Gy
B MNBg
or
inf G<—c<supG.
MNBpgr B
By (1.13), (2.4), (4.3) and (4.24), we see that ¢ satisfies (4.13) as well. Thus for the
given sequence, (4.12), (4.14)—(4.16) hold with ¢ replaced by —¢, while ¢ satisfies
(4.13). If we assume that (4.17) holds, we can reason as in the proof of Theorem 1.1
that there is a renamed subsequence of {u} converging in D to a function @ € D
and a.e. in Q. Moreover, the function @ satisfies (4.19) and (4.20). Also (4.21) holds
with ¢ replaced by —c. But then (1.14) and (1.15) imply

c= lim/Q H(z,ug)dz > H, (z)dx + /Q, H_(z)dx — Wo(z)dx.

Q+ Q0

This contradiction shows that the py are bounded, and we can now employ standard
techniques to obtain a solution of

(4.28) G(u)=c1, —B<ec1 <By, G'(u)=0.

This produces the desired result.

It therefore remains only to prove (4.25). Let {wg} C M, be a sequence such
that pr = ||wk||p — o0o. Let wp = wy/pr. Then we have ||wg||p = 1, and there
is a renamed subsequence such that 1wy — w weakly in D, strongly in L?(Q) and
a.e. in 2. Thus

2 [ Pa.wn)ds/si = alla | + " |
Q
Consequently,
G(wr)/pi — 1 = all@™||* - b@*|?

> 1= [[@llp + Nerr = @)@ 12 + (Aegr = b0,
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which is positive since both a and b are less than Ay41. This completes the proof
of the theorem.
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